Abstract: A graph with either positive or negative labels on the edge becomes a signed graph. Given a signed graph Σ = (V, E, ), a subset D of V is said to be a double dominating set for Σ, if it satisfies the following conditions: (i) every vertex u of Σ is either in D and u has at least one neighbour in D or whenever u ∈ V ⧵ D, In this paper, we initiate the discussion on the double domination in signed graphs.
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PUBLIC INTEREST STATEMENT
Domination in graphs is one of the major research areas in graph theory. Currently, many interesting and important researches are taking place in this area. Double domination is a particular type of domination and the double domination in graphs is relative new research area and hence there is a wide scope for studies in this particular area of domination theory. Well-known mathematicians F. Harary and T. Haynes initiated the studies in the double domination in graph theory. Later, B. D. Acharya extended the domination theory to different types of signed graphs. Being a relatively new research area, double domination in graphs offers much further investigations. Domination theory has proved to have many applications in many theoretical as well as practical reallife problems like optimization problems, communication problems, network problems, etc.
A signed graph is all-positive (respectively, all-negative) if all of its edges are positive (negative); further, it is said to be homogeneous if it is either all-positive or all-negative and heterogeneous otherwise. +G denotes an all-positive graph and +K n an all-positive complete graph. Similarly, −K n represents an all-negative complete graph. Note that a graph can be considered to be a homogeneous signed graph. A signed graph Σ is said to be balanced or cycle balanced if all of its cycles are positive, where the sign of a cycle is the product of the signs of its edges. We use N(u) to denote the open neighbourhood of a vertex u in a graph.
We denote by P (r) n , where 0 ≤ r ≤ n − 1, signed paths of order n and size n − 1 with r negative edges . Also C (r) n , for 0 ≤ r ≤ n, denotes signed cycles with r negative edges. If :V → {+1, −1} is a function , called a switching function, then switching of the signed graph Σ = (G, ) by means changing to defined by
The switched graph, denoted by Σ , is the signed graph Σ = (G, ). We call two signed graphs Σ 1 = (G, 1 ) and Σ 2 = (G, 2 ) switching equivalent, if there exists a switching function :V → {+1, −1} such that Σ 1 = Σ 2 .
The following important result will be used very often in signed graph theory. Lemma 1.1 (Zaslavsky, 1982 
Double domination in signed graphs
Domination theory for unsigned graphs is a well-developed area of knowledge with plenty of real-life applications where the hectic research is still on, a survey of which can be found in Haynes et al. (1998a Haynes et al. ( , 1998b . Acharya (2013) initiated the discussion of domination theory for signed graphs by giving the following definition. 
A dominating set (respectively, a double dominating set) D of Σ is called a minimal dominating set (respectively, a double dominating set) if no proper subset of D becomes a dominating set (respectively, a double dominating set). A minimum dominating set is a minimal dominating set with least
S ⧵ {x} dominates G which is not true in the case of signed graphs. To see this, we have provided an example in Figure 1 .
Also, if D 1 and D 2 are disjoint dominating sets for the unsigned graph G with no isolated vertices, then it is given in Harary and Haynes (2000) that their union D 1 ∪ D 2 will be a double dominating set for G. But the failure of this result in the case of signed graphs is illustrated in Figure 2 . See that the sets D 1 = {v 1 } and D 2 = {v 3 } are disjoint dominating sets. But their union is not a double dominating set for Σ.
One more interesting distinction is that vertices of maximal independent set of edges in the case of unsigned graphs do form a double dominating set for it. But this result also fails in the case of signed graphs as given in Figure 3 . Here, M = {e 2 , e 5 } is a maximal independent set. But the set of end vertices of these edges, namely, {v 2 , v 3 , v 5 , v 6 } is not a double dominating set. Moreover, in the case of unsigned graphs, super sets of a double dominating set will be again a double dominating set. But this fails for signed graphs for which the following Figure 4 is a counter example.
More details on the domination theory for signed graphs can be found in Ashraf and Germina (2015) , Germina and Ashraf (2013) , Ashraf and Germina (2014) . Before we proceed, we note that the following is an important result in Acharya (2013) which will be used in the sequel.
Theorem 2.4 (Acharya, 2013) Domination is invariant under switching.
It is worthy to note that every double dominating set is a dominating set. That is, if we denote the set of all double dominating sets for a signed graph Σ by  Figure 5 where t (Σ) = 4 and ×2 (Σ) = 8.
The second value is computed based on the observation made above that all end vertices and their neighbours belong to the double dominating set. To illustrate the case when the two become equal, consider the signed graph Σ � in Figure 6 built on the complete graph K 5 where t (Σ � ) = ×2 (Σ � ) = 4.
Note that every double dominating set for the signed graph is a double dominating set for its underlying graph, but not conversely. This is illustrated in Figure 7 where {v 1 , v 2 } is a double dominating set for G but not for Σ. Using Equation (6), the following identities are obtained: the double domination in the case of corresponding underlying graphs are taken from Blidia, Chellali, Haynes, and Henning (2006) and Harary and Haynes (2000) .
(i) In the case of signed Petersen graph Σ, ×2 (Σ) = 6.
(ii) In the case of signed cycle ×2 (C (r)
⌉.
(iii) In the case of signed paths, ×2 (P (r)
otherwise.
Now before we proceed, the following definitions and a theorem from Ashraf and Germina (2015) are to be mentioned. (Ashraf & Germina, 2015) An S ⊆ V is called an irredundant set if P N (u, S) ≠ � for every u ∈ S.
In this regard, the following theorem found in Ashraf and Germina (2015) is significant. Theorem 2.12 (Ashraf & Germina, 2015) If D is a minimum dominating set for Σ = (G, ), then it is irredundant.
But, in the case of double domination of signed graphs, we have 
Observation 2.13
If D is a minimum double dominating set for Σ, then it need not be irredundant. For example, the signed graph built on Petersen graph given in Figure 8 ,
Double domination number
Theorem 3.1 Every signed graph with no isolated vertices has a double dominating set and hence has a double domination number.
Proof Without loss of generality, let the underlying graph G = (V, E) of the signed graph Σ be connected. Then, the vertex set V itself is a double dominating set, for, as each vertex v dominates itself and G is connected without isolate vertices, there is a vertex u adjacent to v. Thus, both u and v dominate v. The remaining part with regard to the balance of Σ[V:V ⧵ V] is trivial. Thus, the existence of double dominating set for Σ is established. To prove the existence of a minimal double dominating set for Σ, we adopt the procedure that a vertex v ∈ V is removed from V by verifying the conditions that the remaining subset D = V ⧵ {v} is still a double dominating set for the underlying graph and
is balanced. This removal procedure is continued till no more vertex may be moved to D satisfying the above criteria. This stage will give a minimal double dominating set. Among all the minimal double dominating sets, each of the smallest sets has cardinality ×2 (Σ). ✷ Theorem 3.2 2 ≤ ×2 (Σ) ≤ n for any signed graph Σ without isolated vertices and these bounds are sharp.
Proof In order to find the lower bound, it is noted that for a vertex to be a member of any double dominating set, it must be adjacent to a vertex in that set. For the upper bound, we remarked that V itself is a double dominating set for a signed graph without isolated vertices. For the lower bound see Figure 9 and for the upper bound see the signed star K In addition to the distinctions between the double domination in unsigned graphs and that of signed graphs listed initially one more, regarding the lower bound in Theorem 3.2, it is given in Harary and
Haynes (2000 ) 
Multiple domination
Generalizing the double domination, we now define k-tuple domination in signed graphs as follows. Also, the k-tuple dominating number of a signed graph Σ, denoted by ×k (Σ), is the smallest number of vertices in a k-tuple dominating set. In particular, we have ×1 (Σ) = (Σ).
Many of the results valid for double domination in signed graphs hold good in the case of multiple domination also. The proofs of these results are nothing but simple generalizations of those in the case of double domination which are discussed in this paper. For completeness, we list these results without proof. 
